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We present simulations of the superradiant dynamics of ensembles of atoms in the presence of collective and
individual atomic decay processes. We unravel the density matrix with Monte-Carlo wave-functions and identify
the quantum jumps in a reduced Dicke state basis, which reflects the permutation symmetry of the identical
atoms. While the number of density matrix elements in the Dicke representation increases polynomially with
atom number, the quantum jump dynamics populates only a single Dicke state at the time and thus efficient
simulations can be carried out for tens of thousands of atoms. The calculated superradiance pulses from initially
excited atoms agree quantitatively with recent experimental results with strontium atoms but rapid atom loss in
these experiments does not permit steady-state superradiance. By introducing an incident flux of new atoms, the
system can maintain a large average atom number, and our theoretical calculations predict lasing with millihertz
linewidth despite rapid atom number fluctuations.
Introduction Superradiance is caused by the collective in-
teraction of atoms with a common radiation field and has been
the subject of continuous interest since the early proposal by
Dicke [1], (see also [2, 3]). Recent experiments with tens of
thousands of atoms in optical cavities [4–6] thus explore the
possibility of achieving superradiant lasing in a bad cavity.
Opposite to the Schawlow-Townes limit of a normal laser, it
has a linewidth set by the rate of energy transfer from single
atoms to the cavity mode and can in principle reach millihertz
level [7]. However, so far, such performance has been hin-
dered by fast atom loss depleting the atomic ensemble before
the coherence is established [4]. To solve this problem, we
might feed new atoms to the system to stabilize the atom num-
ber. This will invariably introduce noise in the system but the
coherence shared among the atoms might still be preserved
over the time scale where all atoms have been replaced.
In this Letter, we perform numerical studies of the system
depicted in Fig. 1 (a), where atoms interact collectively with
a lossy cavity mode while being subject to individual decay,
dephasing and excitation (pumping) due to the interaction with
their local environment, as well as to loss and feeding. Theo-
retically, this system can be studied with either the laser master
equation or, by elimination of the bad cavity, an atomic super-
radiance master equation [8]. However, since the number of
density matrix elements scales exponentially with the atom
number, the calculations in the atomic product states basis
are normally restricted to only tens of atoms [9]. Assuming
identical interactions and permutation symmetry among all the
atoms, calculations can be carried out in a Dicke states basis
[10–12] or collective numbers basis [13–15] (exploiting SU(4)
group theory [16]), where the complexity scales only cubically
with the atom number and thus permits simulations for hun-
dreds of atoms. In this Letter we employ the Monte Carlo
wave-function method (MCWF) to unravel the master equa-
tion in the Dicke states basis. This, on the one hand, provides
novel insights into the excitation dynamics of the system and,
on the other hand, permits simulations for tens of thousands
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Figure 1. System and processes. Panel (a) shows two-level atoms
located within an optical cavity in the presence of the loss of atoms
from the cavity mode volume and the feeding of new atoms into the
volume. Panels (b-g) show Dicke state diagrams for four atoms illus-
trating quantum jumps due to collective decay (b); decay, pumping,
and dephasing of individual atoms (c-e); atom loss and feeding (f,g).
The thickness of the arrows indicates the probabilities of the different
jumps as discussed in the text.
of atoms as encountered in experiments.
The MCWF method [17, 18] utilizes ensembles of wave-
functions instead of a density matrix to represent a quantum
system, and applies random quantum jumps to describe the
effect of dissipation. The jumps can also describe back-action
associated with detection, and thus form an essential compo-
nent of so-called quantum trajectories [19] with applications
in quantum measurement and control [20]. When a system
is allowed to explore all states of a high dimensional Hilbert
space, the conditional wave-functions are lower dimensional
objects than density matrices. This fact renders the MCWF
method an efficient numerical tool for complex system simula-
tions. Furthermore, the symmetries mentioned above restrict
the dynamics to sub-spaces and thus can potentially speed up
the wave-function calculations.
The theoretical treatment of N atoms that start in the same
pure state and experience only collective decay, is restricted
to the sub-space of fully symmetric Dicke states |J,M〉 with
collective spin quantum numbers J = N/2 andM = −J, ...J
representing the total number of excited atoms J + M . The
individual decay, dephasing and incoherent excitation as well
as the atom loss and feeding seemingly break the symme-
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2try among the atoms. However, if all atoms undergo these
processes with the same rates, the density matrix retains its
symmetry under permutation of the atoms, but will explore
the Dicke states |J,M〉 with J = N/2, N/2 − 1, ...1/2 or 0,
andM = −J, ...J [21]. In the following, we review briefly the
master equation for the density matrix in the Dicke states basis
and then demonstrate its unraveling and effective simulation
with the MCWF method.
Superradiance Master Equation and Monte Carlo Wave-
Function Simulations The master equation for the density
matrix of N two-level atoms with identical transition fre-
quency ωa can be written as
∂
∂t
ρ = − i
~
[Ha, ρ] +Dc [ρ] +Dl [ρ] , (1)
where the Hamiltonian Ha = ~ (ωa/2)σz is characterized
by the collective Pauli operator σz =
∑N
k=1 σ
z
k. The
cavity mode with frequency ωc and loss rate γc provides
a channel for the collective decay, and in the bad cavity
limit the elimination of the cavity field operators yields [8]
Dc [ρ] = −i [ωsσ+σ−, ρ] − ΓcD [σ−] ρ with collective rais-
ing (lowering) operator σ+ =
∑
k σ
+
k (σ− =
∑
k σ
−
k ) and
superoperator D [o] ρ = {o+o, ρ} /2 − oρo+. Here, ωs =
g2χ
[
χ2 + γ2c/4
]−1 and Γc = (g2γc/2) [χ2 + γ2c/4]−1 are
the collective Lamb shift and the collective decay rate, re-
spectively, and are determined by the detuning χ = ωc − ωa,
the cavity loss γc and the atom-cavity mode coupling g. The
last term in Eq. (1) represents the dissipation of individual
atoms by three Lindblad terms Dl [ρ] = −γl
∑
k D
[
σ−k
]
ρ −
κl
∑
k D
[
σ+k
]
ρ−dl
∑
k D [σzk] ρwith a decay rate γl, a pump-
ing rate κl and a dephasing rate dl. To realize the incoherent
pumping with κl and atomic population inversion, the atoms
may be excited from the lower level via a higher excited level
fromwhich they decay rapidly to the upper level of our effective
two-level systems [7, 9]. Further below, we shall generalize
our analysis to the case with varying atom number.
Dicke states |JM〉 are common eigenstates of the collec-
tive operators j2 =
∑
l=x,y,z
(
jl
)2 and jz [1] with eigen-
values J(J + 1) and M , where jx = (σ+ + σ−)/2, jy =
i(σ− − σ+)/2 and jz = σz/2. For J < N/2, the states
with same J and M are degenerate, and may be labeled by
an additional quantum number α = 1, ..., dJN , which specifies
dJN = N ! (2J + 1) / [(N/2− J)! (N/2 + J + 1)!] different
symmetric linear combinations of atomic product states [22].
Due to the identical dissipation of all the atoms, it was shown
in [10, 11] that while the dissipative processes of a single
atom break the symmetry of the many body state, the sum
of these processes over all the atoms in Eq. (1) preserves
the symmetry and populates states with different α evenly.
These processes do not build coherence between states of dif-
ferent α or J , and the equality of density matrix elements
ρJMα,JM ′α for different α motivates us to introduce a sin-
gle term ρJMM ′ = (1/dJN )
∑
α ρJMα,JM ′α to represent all
of these elements. The resulting effective density matrix is
normalized as Tr(ρ) ≡ ∑J,M dJNρJMM = 1. Notice that the
degeneracy factor appears also in the evaluation of physical
observables.
The equations for all the specified density matrix elements
are derived in [10, 11]. Now we proceed to unravel them with
the MCWF method. To this end we introduce an ensemble of
wave-functions
|ψi (t)〉 =
∑
J,M
CiJM (t) |JM〉 . (2)
Here, the effective states |JM〉 are not real states, but symbolic
constructions, which disregard the degeneracy of the subspace
with same J andM , but allow sampling of the density matrix
element ρJMM ′ as
1
n
∑n
i=1 C
i
JMC
i∗
JM ′ . The normalization of
the wave-functions is
∑
J,M d
J
N |CiJM |2 = 1. The absence of
coherence between different J allows us to consider only the
matrix elements and thus amplitudes of the wave-functions for
each separate value of J .
In the Appendices, we detail the evaluation of the Monte
Carlo wave-functions. Here, we emphasize the main proce-
dures and highlight the related quantum jumps. The wave-
functions are represented as state vectors in the Dicke states
space and are propagated with a non-Hermitian Hamiltonian
including the atomic Hamiltonian and the anti-commutator
of the dissipative superoperators. The CiJM amplitudes fol-
low separate equations including a reduction of norm asso-
ciated with different physical processes that we simulate by
discrete quantum jumps. The collective decay applies the
jump operator σ− on the state-vectors, which leads to the
jumps to the Dicke states with the same J but reducedM , cf.
Fig. 1 (b), with a probability proportional to |AJM− |2 [with
AJM− =
√
(J +M)(J −M + 1) ].
For the individual decay, we use the Clebsch-Gordan (CG)
expansion [10, 11] to write the Dicke states of N atoms as
the product of those of N − 1 atoms and a single atom, and
then apply the operator σ−k on the single atom state. Finally,
we use the inverse CG expansion to convert the state back to
the Dicke states basis of all N atoms. This introduces jumps
to Dicke states with M reduced by unity and J changed by
s = 0,+1,−1. The branching ratio of the jumps are given
in the Table I in the Appendices and favors jumps to states
with reduced values of J , cf. Fig. 1(c). We apply the same
treatment to the individual pumping and dephasing by applying
the operators σ+k and σzk to the Dicke states, yielding jumps
to states with quantum numbers J + s andM + 1 andM , cf.
Fig. 1 (d,e) and the Table I in the Appendices.
We now consider the quantum jump description of loss
of atoms and feeding of new atoms into the system. For
that purpose, we assume the atom loss and feeding rates,
γloss and κfeed, are independent of the atomic internal
state. The average atom number follows the rate equation
∂N/∂t = −γlossN +κfeed, which yields a steady state Pois-
son distribution of atom number withmeanNs = κfeed/γloss.
To simulate the loss of an atom we use the CG expansion to
decouple the Dicke states ofN atoms as a product of states of
N − 1 atoms and of a single atom, and then we discard the
state of the single atomby a partial trace, simulated by quantum
jumps from Dicke states of N atoms to those of N − 1 atoms
with probabilities proportional to squared CG coefficients, cf.
Fig. 1 (f) and the Appendices. To incorporate a new atom, we
use the inverse CG expansion and simulate a quantum jump
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Figure 2. Dynamics and radiation of fifty atoms initially excited
(a,b) and initially unexcited but continuously pumped (c,d). The
main panels show the radiation intensity (in unit of the collective
decay rate Γc) versus the dimensionless time tΓc while their insets
show ensembles of quantum jump trajectories among the |JM〉Dicke
states. The gray areas are explored by 512 simulated trajectories,
while single sample trajectories and average trajectories are indicated
by the dashed and solid black curves, respectively. The red dashed
curves are computed with the master equation and match perfectly
with the black solid curves. The blue solid curves show the averaged
radiation into the free-space. γl/Γc = 1, 10 for the panels (a,b) while
κl/Γc = 1, 10 for the panels (c,d).
from the Dicke state ofN atoms to one ofN+1 atoms, cf. Fig.
1 (g) and the Appendices. After the implementation of any of
the above quantum jumps, the state vectors are re-normalized,
and the wave-function propagation and further random jumps
proceed.
The number of the effective Dicke states of N atoms is
(N + 3) (N + 1) /4 for odd N and (N + 2)2 /4 for even N .
However, if the system has no initial coherence between states
of different J , such a coherence will never appear since all the
jumps happen either within the same ladder or from one to a
neighboring ladder, cf. Fig.1 (b-g). Thus, our wave-functions
can at any time be expanded on only a single ladder of states, re-
stricting the dimension to 2J+1 ≤ N+1 elements. If the sys-
tem is initially prepared in a single Dicke state, e.g. the ground
or fully-excited state, all coherences between states with dif-
ferentM vanish for all times, and the system evolution can be
effectively simulated as an incoherent jump process between
states |JM〉. In this case, the dynamics of a stochastic wave-
function can be visualized as a trajectory in a (N, J,M) coor-
dinate system, and we only need to evaluate the different jump
probabilities to simulate the random evolution of N(t), J(t),
andM(t). By simulation of multiple such trajectories we can
evaluate ensemble average of physical observables, such as
the population of the Dicke states P iJM = |CiJM (t)|2, and the
radiation through the cavity mode Γc
∑
JM d
J
N (A
JM
− )
2P iJM
(defined with the collective operators σ+σ−), and the radia-
tion into the free space γl
∑
JM d
J
N (N/2 +M)P
i
JM (defined
with the operators
∑
k σ
+
k σ
−
k ).
Superradiant Dynamics of a Fixed Number of Atoms We
first illustrate our simulationswith a small systemof fifty atoms
(in the absence of atom loss and feeding), which are initially
all excited, i.e. we occupy the Dicke state |J = 25,M = 25〉,
cf. Fig. 2 (a,b), and initially all in the ground state, i.e.
we occupy the Dicke state |J = 25,M = −25〉, but pumped
incoherently, cf. Fig. 2 (c,d). The main panels show the time
evolution of the emitted radiation intensity, while the insets
show the quantum jump trajectories among Dicke states.
To study the influence of individual decay with rate γl, we
set γl = Γc in Fig. 2 (a) and γl = 10Γc in Fig. 2 (b). For
weak individual decay, we observe that the system remains
close to the fully symmetric Dicke states with J = N/2, while
for larger individual decay, it departs from these states and
explores states with lower values of J . In all cases, all atoms
eventually end up in the ground state |J = 25,M = −25〉 in
the lower right corner in both insets. This dynamics is also
reflected in the radiative emission by the system. Figure 2 (a)
shows a minor radiation into the free-space (the blue curve),
and a dominant radiation through the cavity mode, i.e. super-
radiance. The different gray curves reflect shot-to-shot varia-
tions in the superradiance from the system, which are rather
large due to the small number of atoms in our simulations.
The average superradiance (the black solid curve) agrees well
with the master equation results (the red dashed curve), veri-
fying our MCWF method. Figure 2 (b) shows that for strong
individual decay, the superradiance is suppressed and weaker
than the radiation into the free-space (the blue curve), which
follows the usual exponential decay law.
To study the effect of individual pumping with rate κl, we
set κl = Γc in Fig. 2(c), and κl = 10Γc in Fig. 2(d). For
weak pumping the trajectories start from the lower right corner
and propagate along the lower boundary of the Dicke ladders,
and finally wander around the left corner with small values of
J,M , while the radiation through the cavity mode fluctuates
around a steady-state mean value 25Γc. For strong pumping
the trajectories explore more states and end up in a region
around J = 15 andM = 8. As a consequence of the higher
symmetry of the states and their higher degree of excitation,
the collectively enhanced emission probabilities are higher and
both the fluctuations and the averaged radiation increase. For
even stronger pumping, we find that the trajectories propagate
to the upper right corner of the inset Dicke state diagram, and
the radiation through the cavity mode is reduced. In all cases,
the averaged radiation trajectories are in perfect agreement
with the exact results calculated with the master equation.
The reduced radiation at strong pumping can be ascribed to
the effect of the pump-induced noise [7], and may also be
understood as a suppression of the superradiance transition
matrix elements ∝ AJM− =
√
(J +M)(J −M + 1) when
the atoms do not occupy both the ground and excited states.
Superradiant Lasing After having verified our method
with a toy model calculation for tens of atoms, we now turn to
the simulation of much larger ensembles, cf. Fig. 3 and 4, as
studied by Norcia et. al. [4]. In their experiment, more than
105 strontium atoms are trapped in an optical lattice inside
an optical cavity and coupled to a cavity mode through their
ultra-narrow S10 − P 30 optical clock transition.
For this problem, the many independent trajectories explore
ranges ofJ andM according to the same diffusion-like process
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Figure 3. Superradiance pulses ofN(0) = 1.0, 1.25, 1.5, 2.0×105
strontium atoms (from right to left smooth curve), which decay with
a loss rate γloss = 5.58 Hz (the noisy curves are experimental results
from [4]). The inset shows the population of the upper (black solid
curve) and lower atomic level (black dashed curve) as well as the total
atom number (blue dotted curve) for the systemwithN(0) = 2×105
atoms. γl = 6.6 mHz, Γc = dl = 0.91 mHz.
as observed in Fig. 2. However, with N > 105 we have
verified that the relative fluctuations among trajectories remain
very small, and hence we can simulate the system and obtain
the information of interest with only few hundred quantum
trajectories. In Fig. 3 we show the superradiance pulses
for different numbers of initial atoms N(0) (from 1 × 105
to 2 × 105) in the presence of atom loss. The inset shows
that the atom number decreases exponentially (the blue dotted
curve), which reduces the population of the upper (lower) level
before (after) the superradiance pulse. The calculated pulses
agree well with the experimental results (the noisy curves)
with a fitted atom loss rate of γloss = 5.58 Hz (compatible
with the magnitude estimated in [4]) and negligible dephasing
rate dl. If we increase dl (up to γloss), the calculated pulses
are reduced and shifted to earlier time and thus do not match
the experimental results. If we increase γl by ten times, the
calculated pulses are not affected so much. These results of
our analysis confirm the assessment in [4] that the system
dynamics is dominated by the collective decay and the atom
loss process.
The above simulation indicates that all the atoms are lost in
about 0.2 second and thus there is not time for these atoms to
establish the coherence leading to the lasing with millihertz
line-width. However, by feeding new atoms, we can achieve
steady-state superradiance. To calculate the corresponding
spectrum, we apply the quantum regression theorem and cal-
culate the spectrum with the Fourier transform of the two-time
correlation function of the collective atomic raising and low-
ering operators, S (ω) ∝ ΓcRe
´∞
0
dτe−iωτ 〈σ+ (τ)σ− (0)〉.
We follow [17] to calculate the correlation function with the
following procedure: we first propagate the stochastic wave-
functions to long time (to approach steady-state), and then
apply four different combinations of the collective lowering
operator and the unit operator on the final wave-functions to
initialize four ancillary wave-functions that we propagate with
the MCWF method to obtain correlation function trajectories.
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Figure 4. Integrated intensity (blue triangles, right axis) and
linewidth (red squares, left axis) of the steady-state spectrum from
Ns = 10
5 strontium atoms versus pumping rate κl without (left)
and with (right) atom loss and feeding (of atoms in the lower state).
κfeed = γlossNs and other parameters are the same as in Fig. 4.
The average of many such trajectories yields the exact correla-
tion function. For more details, please refer to the Appendices.
Note that during the evolution the ancillary wave-functions oc-
cupy a coherent superposition of only two states (with identical
J andM differing by unity). They can thus be propagated by
solution of only two coupled equations, and their quantum
jumps are also readily implemented and retain their simple
two-components form at all times.
The left panel of Fig. 4 shows the intensity and line-width
of the steady-state superradiant spectrum from 105 strontium
atoms, which are pumped individually with increasing rate
κl, in the absence of atom loss and feeding. We see that
the intensity increases linearly with the pumping, while the
linewidth decreases and approaches a minimum and then in-
creases due to the pump-induced noise. The intensity agrees
qualitatively with the prediction in [7], while the linewidth
broadening occurs for much smaller pumping because of the
negligible dephasing in our simulations. Note that theminimal
linewidth achieved is about 16 mHz and may be much smaller
for systems with larger atom number.
The right panel of Fig. 4 shows the results in the presence of
atom loss and feeding (in the lower state) being able tomaintain
the large steady-state atom number, Ns = 105 with κfeed =
γlossNs. As each atom typically stays for only a fraction of a
second in the cavity, the incoherent pumping has to be fast to
ensure excited state population available for the lasing process.
Our calculations, indeed, show a threshold effect, requiring
a pumping rate κl > 2 Hz to yield a collective emission
signal. Since the adjacent Dicke states in the ancillary wave-
functions are exposed to the same jumps during the correlation
function evolution, their coherence survives longer than the
atoms, leading to sub-hertz linewidth for pumping smaller
than 9 Hz and a minimal 60 mHz line-width for the 2 Hz
pumping rate.
Conclusions We have developed a Monte Carlo wave-
function (MCWF) method to study superradiance of two-level
atoms in a cavity. Our treatment incorporates the atomic col-
lective decay, individual decay, pumping and dephasing as
5quantum jumps within or among Dicke ladders of fixed atom
number, and the atom loss and feeding as jumps betweenDicke
states with reduced and increased atom number. The wave-
function populates only one Dicke state at a time and the above
processes together determine how the wave-function explores
the Dicke ladders. Our method is verified by the compari-
son with the exact master equation calculations for tens of
atoms and our calculated superradiance pulses by more than
105 strontium atoms agree with the experimental results with
a fitted atom loss rate. Atom loss prevents steady-state las-
ing, but by feeding ground-state atoms into the cavity, we can
stabilize the mean atom number and obtain steady-state spec-
tra with a minimal linewidth about 60 mHz. Notice that the
corresponding coherence time is about 16 second and is thus
hundred times longer than the time spent by any typical atom
in the cavity. The MCWF unraveling of the density matrix as
illustrated here can provide not only numerical results for su-
perradiant lasing (in cross-over regime [23]), but may also be
applied to study superradiant beats [24], synchronization [25],
and spin-squeezing [26] of atomic ensembles. Furthermore,
by visualizing the dynamical evolution of the quantum states,
it can provide important insight into the underlying physical
processes.
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Appendices
In the main text, we summarize briefly how Monte-Carlo
wave-functions |ψi (t)〉, defined by Eq. (2) as superposition
states in an effective, symmetric Dicke states |J,M〉 basis,
are propagated under the influence of collective and individ-
ual dissipation. As indicated there, in the special case, where
there is no initial superposition between states of different J ,
such superposition will never appear because of the character-
istics of the quantum jumps and thus the wave-functions can
always be expanded in only one single ladder of Dicke states.
In the more peculiar case as studied in the main text, where the
system occupies one Dicke state initially, the wave-functions
will always populate one state and thus their dynamics can
be effectively visualized as incoherent jumps of the numbers
J(t),M(t) [and the atom number N(t)]. In these Appen-
dices, we offer details of the wave-functions propagation for
the general case rather than the special cases to ensure that
the formalism is ready to apply to other problems as indicated
in the conclusion of the main text. For simplicity we will
suppress the index ‘i’ in the following.
Appendix A: Monte-Carlo Wave-function Evaluation
The wave-functions are propagated according to the
Schrödinger equation with a non-Hermitian Hamiltonian H
incorporating the atomic Hamiltonian Ha and the anti-
commutator part of dissipative superoperatorsDc[ρ] andDl[ρ]
in the master equation. To first order in the time step δt we
have the explicit equations for the state amplitudes in the Dicke
states basis
CJM (t+ δt) = (1− iω˜JMδt)CJM (t) . (A1)
Here the complex energy term ω˜JM has the real part ωaM +
ωs
(
AJM−
)2, where ωa is the atomic transition frequency and
ωs is the cavity-induced collective Lamb shift, and the imagi-
nary part −[Γc (AJM− )2+γl (N/2 +M) + κl (N/2−M) +
dlN
]
/2, where, Γc, γl, κl, and dl denote the collective decay
rate, and the individual decay, pumping and dephasing rate,
6respectively. The factors AJM± =
√
(J ∓M) (J ±M + 1)
in Eq. (A1) depend on the Dicke state quantum numbers.
These numbers govern the so-called no-jump dynamics of the
wave function. The imaginary part reduces the norm of the
state vector by a sum of infinitesimal probabilities
∑
β δpβ ,
which are, in the master equation, compensated by (sandwich)
feeding terms, e.g., σ−ρ (σ−)+ in Dc [ρ]. In the Monte Carlo
wave-function method, the feeding terms are represented by
the return of the population by quantum jumps into different
final states. β enumerates eighteen different quantum jump
channels, depicted in Fig. 1 (b-g) in the main text and with the
probabilities summarized in Table I. The values of the differ-
ent δpβ and the corresponding quantum jump actions, will be
detailed in the following.
For the collective decay, we apply the collective jump op-
erator σ− acting on the wave-function to yield |ψ (t+ δt)〉 =√
δtΓcσ
− |ψ (t)〉, which leads to the relation for the state am-
plitudes
CJM−1 (t+ δt) =
√
δtΓcA
JM
− CJM (t) . (A2)
This quantum jump, illustrated in Fig. 1 (b) in the main
text, which lowers M and retains J , occurs with the proba-
bility δpc = δtΓcdJN
∑
M |AJM− CJM |2. Since the system has
vanishing coherences between states with different J , we can
restrict the expansion of the quantum state to a single value of
J , which is unchanged by the collective decay process (and by
the no-jump dynamics).
The decay of individual atoms lowers M by unity and
changes J by 0 or ±1 as sketched in Fig. 1 (c) in the
main text. It is represented by the master equation terms∑
k σ
q
kρ (σ
q
k)
+ (q = z,+,−) in Dl [ρ]. Their effect on the
states,
∑
k σ
q
k |JM〉 〈JM ′| (σqk)+, is evaluated in [10, 11].
Using Clebsch-Gordan (CG) expansion to express Dicke states
of N atoms as the product of the states of N − 1 atoms and
those of single atom with J ± 1/2 and 1/2, respectively, one
identifies for each dissipative mechanism a sum of three terms
related to Dicke states with Js = J + s (s = 0,±1). We
simulate the effect of these three terms in the master equation
by corresponding quantum jumps of our state vector. Note
that the jumps do not correspond to a definite measurement
process and outcome but are utilized here merely as a com-
putational tool to simulate the decay of individual atoms in
the master equation without embarking into the population of
non-symmetric states. In our symmetrical average evolution,
the decay of individual atoms thus leads to the transformation
of state amplitudes
CJsM−1 (t+ δt) =
√
δtγlP
JM
−,s CJM (t) , (A3)
implemented with the jump probabilities δpγ,s =
δtγld
J
N
∑
M |P JM−,s CJM (t) |2, where the values of P JM−,s are
presented in Table I.
The incoherent excitation (pumping) of individual atoms
sketched in Fig. 1 (d) in the main text leads to a similar
transformation of state amplitudes
CJsM+1 (t+ δt) =
√
δtκlP
JM
+,s CJM (t) , (A4)
implemented with the jump probabilities δpκ,s =
δtκld
J
N
∑
M |P JM+,s CJM (t) |2, where the values of P JM+,s are
presented in Table I.
The dephasing of individual atoms retains the value of M
and allows changes of J by 0,±1, as sketched in Fig. 1 (e) in
the main text, This process is represented by quantum jumps
with the transformation of state amplitudes
CJsM (t+ δt) =
√
δtdlP
JM
z,s CJM (t) , (A5)
implemented with the jump probabilities δpd,s =
δtdld
J
N
∑
M |P JMz,s CJM (t) |2, where the values of P JMz,s are
presented in Table I.
To describe the atom loss, we use the CG expansion
|JM〉 = ∑j1,j2∑m1,m2 JMCj1m1j2m2 |j1m1〉|j2m2〉 with the
CG coefficients JMCj1m1j2m2 and interpret each term in the ex-
pansion as one quantum jump, which removes 2j1 atoms in the
states |j1m1〉 from the system and leave the 2j2 = N − 2j1
atoms in the states |j2m2〉. The different jumps will take
care of all possible ways of removing the atoms in all pos-
sible states. To describe the feeding of new, uncorrelated
atoms into the ensemble, we use the inverse CG expansion
|j1m1〉|JM〉 =
∑
j2,m2
j2m2Cj1m1JM |j2m2〉 and interpret each
term in the expansion as one quantum jump, which adds 2j1
atoms in the state |j1m1〉 to the states |JM〉 of N atoms to
form the new states |j2m2〉 of 2j2 = N + 2j1 atoms. The
different jumps will account for all possible final states by
adding atoms in one specified state. Since the probabilities
of the jumps are proportional to the squared CG coefficients,
the jumps of removing and feeding a single atom are more
favored than other jumps. In the case of a single atom loss, i.e.
j1 = 1/2, we will have four different quantum jumps, which
remove the single atom in the upper (lower) level and leave
the N − 1 atoms in the Dicke states of J ± 1/2 andM − 1/2
(M + 1/2), cf. Fig. 1 (f). These jumps can be implemented
with
CJtMs (t+ δt) =
√
δtγlossL
JM
t,s CJM (t) . (A6)
Here, we have introduced Jt=± = J±1/2 andMs=± = M±
1/2, and the values of LJMt,s are provided in Table I. The jump
probabilities are δpl,ts = δtγlossdJN
∑
M |LJMt,s CJM (t) |2. In
the case of single atom feeding, i.e. j1 = 1/2, we will also
have four different quantum jumps, which add the single atom
in the upper (lower) level and leave the N + 1 atoms in the
Dicke states of J ± 1/2 andM + 1/2 (M − 1/2), cf. Fig. 1
(g). These jumps can be implemented with
CJtMs (t+ δt) =
√
δtκfeedF
JM
t,s CJM (t) , (A7)
where the coefficients F JMt,s are given in Table I. The dif-
ferent processes occur with the jump probabilities δpκ,ts =
Psδtκfeedd
J
N
∑
M |F JMt,s CJM (t) |2. For the atom loss we
can not control the state of the lost atom and thus should con-
sider all the possibilities. However, for the atom feeding, we
can control the jumps by preparing the fed atom in the upper
or lower level. For this reason, we introduce the probability Ps
to describe the fed atom in the upper (s = +) or lower (s = −)
level, respectively.
7Table I. Comprehensive list of quantum jumps associated with the different dissipative processes. The table lists the change in number of
atoms and Dicke collective spin quantum numbers, the respective jump probabilities in a short time interval δt, and explicit expressions of the
abbreviations used. P+ and P− are the upper and lower state occupation of atoms in the feeding process.
Dissipations Jumps Probabilities Abbreviations
Collective Decay (N, J,M)→ (N, J,M − 1) δtΓcdJN
(
AJM−
)2
AJM− =
√
(J +M) (J −M + 1)
Individual Decay (N, J,M)→ (N, J,M − 1) δtγldJN
(
P JM−,0
)2
P JM−,0 =
√
2+N
4J(J+1)
AJM−
(N, J,M)→ (N, J − 1,M − 1) δtγldJN
(
P JM−,−
)2
P JM−,− = −
√
(N+2J+2)(J+M)(J+M−1)
4J(2J+1)
(N, J,M)→ (N, J + 1,M − 1) δtγldJN
(
P JM−,+
)2
P JM−,+ =
√
(N−2J)(J−M+1)(J−M+2)
4(J+1)(2J+1)
Individual Pumping (N, J,M)→ (N, J,M + 1) δtκldJN
(
P JM+,0
)2
P JM+,0 =
√
2+N
4J(J+1)
AJM+
(N, J,M)→ (N, J − 1,M + 1) δtκldJN
(
P JM+,−
)2
P JM+,− =
√
(N+2J+2)(J−M)(J−M−1)
4J(2J+1)
(N, J,M)→ (N, J + 1,M + 1) δtκldJN
(
P JM+,+
)2
P JM+,+ = −
√
(N−2J)(J+M+1)(J+M+2)
4(J+1)(2J+1)
Individual Dephasing (N, J,M)→ (N, J,M) δtdldJN
(
P JMz,0
)2
P JMz,0 =
√
2+N
4J(J+1)
M
(N, J,M)→ (N, J − 1,M) δtdldJN
(
P JMz,−
)2
P JMz,− =
√
(N+2J+2)(J−M)(J+M)
4J(2J+1)
(N, J,M)→ (N, J + 1,M) δtdldJN
(
P JMz,+
)2
P JMz,+ =
√
(N−2J)(J+1−M)(J+1+M)
4(J+1)(2J+1)
Atom Loss (N, J,M)→ (N − 1, J + 1/2,M + 1/2) δtγlossdJN
(
LJM+,+
)2
LJM+,+ =
√
(N/2−J)
N(2J+3)(J+M+1)
(N, J,M)→ (N − 1, J + 1/2,M − 1/2) δtγlossdJN
(
LJM+,−
)2
LJM+,− =
√
(N/2−J)
N(2J+3)(J−M+1)
(N, J,M)→ (N − 1, J − 1/2,M + 1/2) δtγlossdJN
(
LJM−,+
)2
LJM−,+ =
√
(N/2+J+1)(J+M)
N(2J+1)
(N, J,M)→ (N − 1, J − 1/2,M − 1/2) δtγlossdJN
(
LJM−,−
)2
LJM−,− =
√
(N/2+J+1)(J−M)
N(2J+1)
Atom Feeding (N, J,M)→ (N + 1, J + 1/2,M + 1/2) P+δtκfeeddJN
(
F JM+,+
)2
F JM+,+ =
√
2(N+1)J2
(N/2−J+1)(2J+1)2(J+1)(J−M)
(N, J,M)→ (N + 1, J + 1/2,M − 1/2) P−δtκfeeddJN
(
F JM+,−
)2
F JM+,− =
√
2(N+1)J2
(N/2−J+1)(2J+1)2(J+1)(J+M)
(N, J,M)→ (N + 1, J − 1/2,M + 1/2) P+δtκfeeddJN
(
F JM−,+
)2
F JM−,+ =
√
2(N+1)(J+1)(J+M+1)
(N/2+J+2)(2J+1)2
(N, J,M)→ (N + 1, J − 1/2,M − 1/2) P−δtκfeeddJN
(
F JM−,−
)2
F JM−,− =
√
2(N+1)(J+1)(J−M+1)
(N/2+J+2)(2J+1)2
Appendix B: Steady-State Spectrum Calculation
In the main text, we indicate how to calculate the steady-
state spectrum with the MCWF method. As outlined
there, the spectrum can be obtained from Fourier trans-
formation of two-time correlation function 〈σ+ (τ)σ− (0)〉.
According to [17], this function can be calculated as
(1/4)
∑
k=± k
[
µkck (τ) − iνkdk (τ)
]
, where · denote the
average over many trajectories of the functions c± (τ) =
〈χ± (τ) |σ+|χ± (τ)〉 and d± (τ) = 〈λ± (τ) |σ+|λ± (τ)〉.
These functions are simulated with four ancillary wave-
functions |χ± (τ)〉 and |λ± (τ)〉 that are specified by the initial
conditions |χ± (0)〉 =
√
1/µ± (1± σ−) |ψ (t)〉, |λ± (0)〉 =√
1/ν± (1± iσ−) |ψ (t)〉. Here, µ±, ν± are normalization
coefficients. In the Dicke states basis, these functions are
evaluated as
∑
J,M d
J
NA
JM
∓ D
∗
JM∓1 (τ)DJM (τ), where the
coefficients DJM (τ) are the state amplitudes of the ancillary
wave-functions.
In the peculiar case as studied in the main text, the ancillary
wave-functions will have only two non-vanishing amplitudes
at any point during the stochastic wave-function evaluation. In
the evaluation, these amplitudes, which reflect superposition
of two adjacent Dicke states, persist despite of the quantum
jumps, which ensures that the coherence time can be much
longer than the time spent by any typical atom. This guarantees
the lasing with millihertz line-width as shown in the main text.
